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Abstract 

In the neighborhood of a regular point, generalized Kahler geometry admits a description 
in terms of a single real function, the generalized Kahler potential. We study the local 
conditions for a generalized Kahler manifold to be a generalized Calabi-Yau manifold and 
we derive a non-linear PDE that the generalized Kahler potential has to satisfy for this 
to be true. This non-linear PDE can be understood as a generalization of the complex 
Monge- Ampere equation and its solutions give supergravity solutions with metric, dilaton 
and if -field. 



1 Introduction 

Generalized geometry, initiated by N. Hitchin in [1] has attracted considerable interest 
in both physics and mathematics. The essential idea behind generalized geometry is to 
replace the tangent bundle T by T © T*, the tangent plus the cotangent bundle. This 
replacement leads to many new and interesting geometrical concepts which can play a 
prominent role in string theory. The subject was further developed by Hitchin's students 
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In this paper we study the conditions for a generalized Kahler manifold to admit 
a generalized Calabi-Yau metric structure. Our analysis is local and we do not consider 
global issues. We take as a starting point our previous results [5] on the local description of 
generalized Kahler manifolds in terms of a single function, the generalized Kahler potential. 
We derive a non-linear PDE for this potential which comes from the generalized Calabi- 
Yau conditions. We will refer to this non- linear PDE as the generalized Monge- Ampere 
equation, since it generalizes the complex Monge-Ampere equation which appears in the 
local description of the standard Calabi-Yau manifolds. This idea has previously been 
discussed in [6] and some partial results were presented there. Here we give a full derivation 
for the general case. 

On the physics side we relate the Type II supergravity solutions for metric, dilaton and 
NS-flux to the world-sheet description in terms of the N = (2,2) non-linear sigma model. 
The generalized Calabi-Yau conditions appear naturally in supergravity solutions, [7], [8] 
and [9] (see \IU\ for a nice summary and further references). On the other hand, generalized 
Kahler manifolds |2J of any complex dimension appear as target spaces for sigma models 
with N = (2,2) supersymmetry jTTJ and classically any generalized Kahler potential K 
(satisfying some minor conditions required for the geometry to be non degenerate) gives a 
generalized Kahler manifold. The proposed generalized Monge-Ampere equation appears 
at the quantum level when one requires conformality of the sigma model at the one loop 
level. The connection to standard 10 dimensional supergravity solutions come when one 
also imposes the correct value of the central charge. 

The paper is organized as follows: In Section [2] we review the basic notions of general- 
ized complex, generalized Kahler and generalized Calabi-Yau geometries. Then, in Section 
|3l using the local description of generalized Kahler geometry, we present explicit formulas 
for the pure spinors that encode the geometry in terms of the generalized Kahler po- 
tential. We use the fact that the generalized Calabi-Yau metric structure is equivalent 



to the existence of supersymmetric supergravity solutiongj. We show that the compat- 
ibility conditions of the pure spinors are trivially satisfied except for the normalization 
condition which gives a non-linear PDE (the generalized Monge- Ampere equation) for the 
generalized Kahler potential. Section H] deals with a few special cases of the generalized 
Monge- Ampere equation and some simple solutions. In Section Owe elaborate on the geo- 
metrical aspects of the generalized Monge- Ampere equation. In Section [6] we comment on 
the relation of our results to the /3-function calculations for supersymmetric sigma model. 
Section [7] gives the summary and discusses some open questions. 

2 Generalized Kahler and Calabi-Yau geometries 

In this section we briefly review the relevant concepts in generalized geometry. Since our 
analysis is local we ignore complications related to global issueaj. This section does not 
contain original material. For further details the reader may consult [2j [TOj [12]. 

Consider a smooth manifold M. The tangent plus cotangent bundle T © T* has a 
natural inner product 

{X + V ,Y + Z) = ±(i x Z + i Y ri), (2.1) 

where X, Y are vector fields and rj, £ are one-forms. The Courant bracket on T © T* is 

[X + 77, Y + £] c = {X, Y} + C x i ~ Cm - \d{ixt ~ *yv) , (2.2) 

and is a generalization of the Lie bracket naturally defined on T. A generalized complex 
structure is defined as a decomposition (T © T*) © C = L + L where L is a maximally 
isotropic sub-bundle involutive with respect to the Courant bracket and L is its complex 
conjugate. This decomposition can be encoded in terms of an endomorphism J of T ®T* 
with some additional properties, such that L is the -M-eigenbundle of J . 

A generalized Kahler structure is defined as two commuting generalized complex struc- 
tures J\ and J7~2 such that the quadratic form (JiJ 2 (X + £), (X + £)) is positive definite. 
Equivalently the generalized Kahler structure gives rise to the decomposition (T (BT*) © 
C = L\ © L~{ © L\ © L\ where L\ is the -H-eigenbundle for both of J\^ and L\ is the 



lr That is, solutions that preserve some of the supersymmetry of the target. 

2 Concretely, we work in a contractible coordinate patch and assume that H = dB is exact in that 
patch, so that the effect of H can be encoded into the appropriate B-transform. We do not need to use the 
twisted Courant bracket and the twisted de Rham differential here, and we do not discuss global issues. 



-M-eigenbundle for J\ and —i- eigenbundle for J 2 . Due to Gualtieri's theorem [2j, general- 
ized Kahler geometry is equivalent to bihermitian Gates-Hull-Rocek geometry [IT] which 
appears as the target space geometry for TV = (2,2) supersymmetric sigma models. We 
review the details of Gates-Hull-Rocek geometry and the Gualtieri map in the appendices. 
Differential forms play a crucial role in generalized geometry. We may regard the 
differential forms on M as spinors for the bundle T © T* . A section X + £ of T + T* acts 
on a form p according to 

{X + £).p = i x p + Zhp (2.3) 

and this satisfies the Clifford algebra identity for the indefinite metric (12.1 p on T © T* . 
An invariant bilinear form on spinors (differential forms) is given by 

fa,*) = E(- 1 ) i [^ j A p"" 2j + p? +1 A p"~ 2j ^ ' ( 2 - 4 ) 

i 

where pi = ^2 Pi an d P2 = Y2 p 2 are linear combinations forms of different degrees, the 
upper index indicating the form degree. This is called the Mukai pairing of forms. The 
spinor is called pure if it annihilates a maximal isotropic subspace of T © T* (or its 
complexification (T © T*) © C). 

A generalized Calabi- Yau structure is defined as a closed pure spinor p such that (p, p) ^ 
everywhere on M, where p is the complex conjugate of p. A closed pure spinor p gives 
rise to a decomposition (T©T*)©C = L + L where L is a maximally isotropic sub- 
bundle involutive with respect to the Courant bracket. Therefore a generalized Calabi- Yau 
manifold is a special case of a generalized complex manifold. 

A generalized Calabi- Yau metric structurg^ is defined as a pair of closed pure spinors 
Px and p 2 such that the corresponding generalized complex structures J\ and J 2 give rise 
to a generalized Kahler structure and moreover that (pi,pi) = a(p 2 , p 2 ) 7^ for some 
non-zero constant a. 

The geometric data encoded by the pair of pure spinors defining a generalized Calabi- 
Yau metric structure may be found by observing that it gives rise to generalized Kahler ge- 
ometry. Using the Gualtieri map we may then read off the metric g^ v and the closed NS 
3-form H^p. Furthermore the dilaton $ is defined via normalization of pure spinors as 
follows 

(pi, pi) = a(p2, P2) = e _2 *vol g = e~ 2 ^^/g dx 1 A ... A dx D , (2.5) 



3 There is no fully accepted use of term "generalized Calabi- Yau" and different authors use different 
adjectives like "weak" , "strong" to represent different version of the generalized Calabi- Yau condition. 
We follow Gualtieri's terminology [2]. 



where g = det(g M! ,). This data (g MJ ,, iJ Mi , p , $) coming from the generalized Calabi-Yau 
metric structure is a Type II supersymmetric supergravity solution. It automatically 
solves the equation 

i$>+2V<T>$,$ = 0, (2.6) 

where R^J is the Ricci tensor for the connection with torsion V^ = V ± \g~ x H where 
V is the Levi-Civita connection. Indeed, the symmetric and antisymmetric parts of (12. 6j) 
are the bosonic equations of motion of Type II supergravity with the RR-fields set to zero. 
For further relevant results and references the reader may consult the nice review [TO] . 

Our strategy will be to take our local description of generalized Kahler geometry in 
terms of the potential K and construct the corresponding closed pure spinors for two 
generalized complex structures. Through the theorem in [SJ Q2] we know that the exis- 
tence of a pair of compatible closed pure spinors implies the existence of supersymmetric 
supergravity solutions. Imposing the generalized Calabi-Yau metric conditions (i.e. the 
compatibility conditions for the pure spinors) we arrive at a non-linear PDE for K. The 
Gualtieri map plays a crucial role in our construction. 

3 Generalized Monge- Ampere equation 

Recently, in [5J, it was shown that, in the neighborhood of a regular point, general- 
ized Kahler geometry can be encoded in terms of a single real function: the generalized 
Kahler potential K. The construction roughly goes as follows. We take C^" and divide 
the complex coordinates in four groups C~ = C dc + C dt + C ds + C ds with the following 
notations for the coordinates <fi = (<fi, 4>), x — (X; x)> Xl = (Xi, Xj), Xr = (X r , X f ) in 
the respective subspaces. The coordinates are adapted to the complex structures J± but 
in a more involved way than in ordinary Kahler geometry. In particular </>, x an d X[ are 
holomorphic with respect to J + while there is no such simple relation between Xr and 
J + . On the other hand, (f>,x and X r are holomorphic with respect to J_ while there is 
no such simple relation between Xi and J_. 

Introducing the real function K((j), \i Xl, Xr) which we call the generalized Kahler po- 
tential we derive formulas for (g, J±, H) in terms of derivatives of K such that they become 
the geometric data for a generalized Kahler manifold. In appendix |A] we review the rele- 
vant relations. 

In the language of supersymmetric sigma models, the function K corresponds to a 
Lagrangian density in iV = (2, 2) superspace and the coordinates correspond to different 



sets of superfields: (0, </>) for chiral and anti-chiral; \ = (Xj X) f° r twisted chiral and 
twisted anti-chiral; Xl = (Xi,Xi) for left semi-chiral and left semi- anti-chiral; X R = 
(X r ,Xf) for right semi-chiral and right semi-anti-chiral. The sigma model provides a 
useful way of deriving and manipulating the rather complicated expressions for the various 
geometrical objects. For further details about the sigma model interpretation the reader 
may consult [5j HU [15] . 

It is important to stress that the choice of generalized Kahler potential is not unique. 
There are many choices that lead to the same geometric objects. This ambiguity in the 
choice of K can be understood both from geometry and from the sigma model point of 
view, see [To] . 

In the following discussion we adopt the following short-hand notations for the deriva- 
tives of K: K c = d^K = (K c , K 5 ) = (d^K, d^K), K T = d x K = (K t , K t ) = (d x K, d^K), 
K L = 3 Xl K = (K h K T ) = (d Xl K,dx T K), K R = 8 Xr K = (K r ,K f ) = (d Xr K,d Xr _K), 
where we suppress all coordinates indices. Analogously we define the matrices of double 
derivatives of K, e.g. K\ f is our notation for the matrix of second derivatives d Xl d Xf K 
etc. We use matrix notation and suppress all indices. 

Next we would like to use K to construct the pure spinors which encode the generalized 
Kahler geometry. Our ansatz for the pure spinors is 

Pi, 2 = iVi,2 A e ^+^i,2 ( (37) 

with the following notation 



Nt ~- 


= e /(<w dcf) 1 A . . . A d(f) dc , 


N 2 = 


-- e°M dx'A-.-A d Xdt , 


Ri = 


= -d(K L dX L ) , 


R 2 = 


= -d(K R dX R ) , 


Si = 


= d(K T Jd X + K L JdX L - K R JdX R ) . 


s 2 = 


= -d{K c Jd(f) + K L JdX L + K R JdX R 



where d is the de Rham differential and J is the trivial diagonal complex structure so that 
KiJdcf) is short-hand for %K\dXi — iKjdXj and so on. Here / and g depend only on <fi and 
X respectively and are introduced to take care of the ambiguity in the definition of Ni )2 
Namely, under a change of coordinates (f>'((f>) and x'(x) the exponentials e^^ and e 9 ^ 
transform as densities, 

e /'W = e /W det gj , e 9'W) = e9 (x) det fW\ . (3 . 8) 



so that JVi t 2 themselves are invariant. 

First of all one has to check that these are the pure spinors which annihilate the correct 
subspace of (TQ)T*) x C, i.e. those subspace defined by the generalized complex structures 
J\ and Ji- The proof of this statement involves the Gualtieri map and is technical. We 
give the details in appendix |B] The pure spinors are trivially closed dpi 2 = and moreover 
(pi, P2) = (pi,p~2) = (see appendix IB"]) . The only remaining condition for generalized 
Calabi-Yau metric is (pi,pi) = a(p 2 ,/5 2 ) for some positive constant a. Explicitly, this 
condition becomes 
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where we used the definition (j2.4p of the Mukai pairing and the usual definition the Pfaflian 
(see fl3TT]) below). 

For a 2n x 2n antisymmetric matrix A = {a^} one associates a two-form 



with the standard basis {e 1 , e 2 



pL<V 



"[IV 



e 2n } in 



e"Ae F 



The Pfaflian is defined as 



(3.10) 



-a n = Pf(^) e 1 Ae 2 A...Ae 2 ' 



2d 



IV. 



(3.11) 



where a n denotes the wedge product of n copies of a with itself. 

Our conventions are such that a in (12.51) is positive, assuming a Riemannian metric 
g^v If d c 7^ dt then the constant a can be easily absorbed by a rescaling of K, thus giving 
the same geometry (a rescaling of the generalized Kahler potential will just rescale all 
geometric objects). However, in the case d c = d t (including the case d c = d t = 0) this is 
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not possible. Instead, if d c = dt > we may rescale the <p or x coordinates to get a — 1. 
Only in the case d c = d t = this is not possible and we get a family of PDEs parametrized 
by alpha. 

There are two useful relations for the Pfaffian we can use to simplify further the con- 
dition (13. 9p . For In x In antisymmetric matrix A and an arbitrary In x 2n matrix V we 
have the relation 



Pi(VAV T ) = det(F) Pi(A) . 
For an arbitrary n x n-matrix M we may write 



(3.12) 



Pf 



M 

-M T 



.l)n(n-l)/2 det M _ 



(3.13) 



Using the relation f l3.12[) we can reorder rows and columns by choosing an appropriate V 
and arrive at a block off-diagonal form. To this we can apply (I3.13P arriving at 



^_l)«Mc e /(*) e /0) det 
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V K c 



(3.14) 



/ 



where we have redefined the proportionality constant a (which is still positive) and chosen 
the minuses such that the determinants reduce to determinants of positive definite matrices 
in known cases. We refer to this relation as the generalized Monge- Ampere equation. If 
the generalized Kahler potential K satisfies this non-linear PDE then K gives rise to 
a generalized Calabi-Yau metric structure. For the non-degeneracy of the metric it is 
important that the determinants in ( I3.14p are nowhere zero. 

Using the relation (12. 5p we can write down an explicit formula for the dilaton $. 
We need to calculate the determinant of the metric in our coordinates. Using the the 
identities from appendix |X] it is lengthy but straightforward to calculate the determinant 
of the metriqj 



V det 9i*u 
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(3.15) 



4 The calculation of the determinant of the metric results in an absolute square. When taking the 
square root of the determinant the sign has been determined so that the square root is positive when the 
generalized Mong a- Ampere equation is satisfied. 



It should be stressed that the determinant of the metric is not invariant under coordinate 
transformations; it of course transforms as a density. It is therefore important to emphasize 
that the formula above is given in coordinates defined by the superfields and that in the 
case with semichiral superfields these coordinates are not adapted to either of the complex 
structures. Using f)2.5p and (13.15J) we get an expression for the dilaton $ 
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(3.16) 
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An important issue is how these relations behave under coordinate changes. For in- 
stance, under diffeomorphisms that preserve our superspace structure (so that coordi- 
nates associated with a particular superfield mixes only with coordinates associated to 
superfields that satisfy the same superspace constraints), i.e. diffeomorphisms satisfying 
X[(X h <f>, x), X' r (X r , (f), x), </>'{</>), and %'(%), it is possible to show that 
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(3.17) 



transforms with a factor 
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(3.18) 



while 
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transforms with a factor 
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(3.20) 



In particular this means that the generalized Monge- Ampere equation H3.14|) is invariant 
under these changes of coordinates if we take into account how e^^ and e 9 ^ transform, 



see (13.81) . We can also investigate how the dilaton changes under coordinate transforma- 
tions. Since det K^ R transforms with a factor 
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and using the transformation of (I3.20p we see that the dilaton does not change. Again we 
should use the correct transformations (13. 8p for e^^' and e 9 ^ x \ Indeed this is what we 
expect since the dilaton $ is a function. 

It follows from (13. 8 p that we can always change to a coordinate system such that 
/ = g = 1 in a given coordinate patch. We do this in what follows, simplifying the 
generalized Monge- Ampere equation (13.141) . Furthermore, for the case d c + d t ^ we can 
always choose the constant a to be 1. However, in the case d c = dt = we cannot remove 
the constant a. So in the generic case where d c + d t ^ the generalized Monge-Ampere 
equation becomes 
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and the dilaton becomes 
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(3.22) 
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(3.23) 
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which implies that for this choice of coordinates 

' A/detg = det K LR . 



-4$ 



(3.24) 



Apart from the issue of the covariance of (13.141) . there are other ambiguities in finding 
the pure spinors. First of all, the relation between the form of the pure spinors px, pi and 
the bihermitian data is not one to one; there are ambiguities both in the definition of the 
pure spinors and in the Gualtieri map. In particular, an overall 5-transform gives different 
but equivalent pure spinors. Also, our expression for the pure spinors uses only closed forms 
so the pure spinors themselves are trivially closed. The nontrivial condition comes from 
the normalization of the spinors. One could alternatively choose to include a normalization 
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factor in the definition of the pure spinors so that they would be automatically normalized 
to 1. Then they would however not be automatically closed and the nontrivial condition 
would come from imposing closedness. When all is taken into account, these ambiguities 
do not effect the final answer fj3.14[) . 

4 Special cases 

In this section we consider a few special cases of the general equation ( 13. 14ft . We will see 
that some special cases of (13.141) have already appeared in the literature. 

4.1 Kahler case: d s — d t = 

If J + = J_ then H = and the generalized Kahler manifold is a Kahler manifold. In this 
case d t = d s = and the pure spinors (13.71) are 

pi = d(f) l A...A dcf) dc , (4.25) 

p 2 = e -id{K G Jd4>) _ ( 4 _ 26 ) 

The equation (13.141) becomes 

det(K c5 ) = 1 , (4.27) 

where we have absorbed a in a redefinition of K. This is the well-known complex Monge- 
Ampere equation implying Ricci flatness of the Kahler manifold. In this case the dilaton 
$ is constant. 

4.2 Symplectic case: d c — dt = 

In the case when d c = d t = both generalized complex structures J\ and J 2 are of 
symplectic type. In this case the pure spinors become 

_ e -d(K L dX L )+id(K L JdX L -K R JdX R ) (4.28) 

n 2 = e -d(K R dX R )-id{K L JdX L +K R JdX R ) _ U.29) 

The generalized Monge-Ampere equation f!3.14|) becomes 

\ JX fi J\f r J \ I\ r f J\ r l 

10 



Here a cannot be removed neither by rescaling of K nor by a rescaling of coordinates and 
thus we are dealing with a family of equations. 

To compute the dilaton in this case is straightforward. Using (I3.16P we get the following 
expression for the dilaton $ 



det 



K,r K lr 



1 \ K f r Kf 
* = -ln ) 4-. (4.31) 

2 det ( K * K " 

For the special case d s — 1 (14.301) collapses to 

K rl K fl + aK rI K H = (1 + a)K lT K Tf , (4.32) 

which is equivalent to the statement that 

J+J- + J-J+ = 2(^—^)1 (4.33) 

\1 + OLj 

and, as shown in [5], when (j^f) < 1 (which is true since a is positive), it is possible to 
explicitly construct a hyperKahler structure so the geometry is hyperKahler . See [T7] for 
further discussion. For general d s , (I4.33J) becomes 



J+J- + J-J+ = 2 I (4.34) 




which similarly implies that the geometry is hyperKahler and it automatically solves (I4.30p . 
We have checked that the expression (j4.3ip for the dilaton reduces to a constant when the 
geometry is hyperKahler . 

4.3 [J+, J_] = 0: d s = 

Consider the case when d s = and thus [J + , J_] = 0. This manifold admits a local 
product structure. The pure spinors become 

pi = dcj) 1 A ... A d<f) dc e id{KTjdx) , (4.35) 

p 2 = dx 1 A ... A d X dt e - id{KcJd(i,) . (4.36) 

The generalized Monge-Ampere equation ( 13.14D collapses to 

det(K c5 ) = det(-Ku) , (4.37) 
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where a can be absorbed either in rescaling of K or in the rescaling of \- direction. In 
this case we have 

v^ = det(# cg ) det(-Ktt) (4.38) 

and thus from (J2.5P the dilaton is 

$ = -lndet(# cc -) . (4.39) 

This equation first appeared in [T5] (see also [TS] and [20J). 

For the case d c = d t = 1 we get a linear equation which is equivalent to the requirement 
of N = (4, 4) supersymmetry for the corresponding sigma model. Indeed the general 
conditions for N = (4, 4) supersymmetry for models with d s = and d c = dt [11] can be 
written in matrix form as follows 

K c5 + Ku = (4.40) 

(K c5 ) T = KT 5 (4.41) 

which certainly gives a solution of (14.37J) . In fact we need only condition ( I4.40J1 to solve 
the generalized Monge- Ampere equation ( I4.37p . Thus we can produce many solutions of 
this non-linear PDE. 

4.4 d t = 

Let us finally comment on the case when d t = and thus one of the generalized complex 
structure is of symplectic type. The corresponding pure spinors are 

Pl = dcf) 1 A . . . A d(f) dc e -d{K L dX L ) + id(K L JdX L -K R JdX R ) ^ ( 442 ) 

n 2 = e -d{K R dX R )-id{K c Jd4,+K L JdX L +K R .JdX R ) _ (4.43) 

This case has been studied previously by Halmagyi and Tomasiello in [6], especially for 
D = 6 due to its relevance for supergravity. Their pure spinors differ by a 6-transform 
from the solution presented here. However their final generalized Monge- Ampere equation 
is the same as ours for this special case. 

The explicit form of the dilaton $ is provided by ( 13. 16[) . 

5 Geometrical considerations 

In this section we want to elaborate on a few geometrical points related to the generalized 
Monge- Ampere equation (13. 14ft . We are not going to derive any new results, however it 
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is instructive to consider the classical differential geometry of our equations. Moreover it 
provides a strong consistency check of our formulas. 

The existence of a generalized Calabi-Yau metric structure is equivalent to the existence 
of spinors e on the generalized Calabi-Yau space satisfying the following supersymmetry 
equations 

V (±) e (±) = o , (5.44) 

(d$ ± -H)e {±) = . (5.45) 

The equation (15.441) is the so called gravitino equation while equation (15.451) is the dilatino 
equation. Here V^ are the covariant derivatives with connections with torsion T^ = 
r±ig -1 .ff where T is the usual Christoffel symbol, while f !5.45|) involves the Clifford action 
of the one-form d$ and the 3-form H on the spinors. See [13] for further details of the 
notation and the relation of these equations to generalized Calabi-Yau structures. 

On a generalized Kahler manifold the equation (I5.44[) implies that the holonomies of 
the connections V^ are both in SU(n) and the equation f !5.45|) implies a relation between 
the dilaton $ and the rest of the geometrical data {g,H, J±), which is discussed below. 
Now we want to impose these conditions on the generalized Kahler geometry. 

In the following we use formulas from pJ)],[2T] and [22]. We define the U(l) parts of 



(±) 



the connections T^ 

r? } = ^r(? , (5.46) 

the U(l) parts of the curvatures 

Cg) = J P ±X R X PI1U (5.47) 

and the J-trace of H 

wf) = ±J£ p H^ a r ± ° = 2J3,V„J^ . (5.48) 

For formulae involving containing v^~' or r( + ) it is useful to use complex coordinates 
adapted to J + while for formulae involving v^> or I^' we use complex coordinates adapted 
to J_. In both cases, we use the indices a,b... to label holomorphic coordinates and indices 
a, b, ... to to label anti-holomorphic coordinates. Then in such complex coordinate systems, 
we have 

r^ = i (r£) c - rir) , v& = -r^ c = T 2h^ c , (5.49) 

13 



where H ah ^ is the (2, 1) part of the three form H with respect to J±, and 

C$ = d,Yf) - d v T^ . (5.50) 

The U(l) connection can be expressed in terms of the determinant of the metric and the 
one form v < - ± - ) as [21] 

rf) = i (2v& + d a In y/tetg~^ (5.51) 

Equation (j5.44p is equivalent to the holonomy of the V^ connections both being in 
SU(n), i.e. C\w = 0. At the same time, equation ( 15.451) implies that v^ = — 2d$ and 
thus T 1 * 1 can be written as 

rW = ia a ln(e- 4 *Vdet^) , (5.52) 

using the complex coordinates adapted to J + for r( + ) and those adapted to J_ for T^~\ 
Thus using these formulas we arrive at the statement that the equations (j5.44p and (I5.45P 
are equivalent the following conditions [19] 

^ In (e~**y/detg\ = , (5.53) 

v ± = -2d$ , (5.54) 

where there are two equations of the form ( 15.53p . one with J + complex coordinates and 
one with J_ complex coordinates. Then equation (I5.53P implies that locally we can choose 
J + complex or J_ complex coordinates such that 



e" 4 * 



Vdet g = l. (5.55) 



The transformations relating the complex coordinates adapted to J + or J_ to our superspace- 
inspired coordinates (<fi,x,X L ,X R ) are given in Appendix IA1 Using these, the equations 
given by (15.551) in J + coordinates and by (I5.55J) in J_ coordinates both give the same 
equation in 0, x, Xl, Xr coordinates, and that is 



e" 4 * 



y/detg = det K LR . (5.56) 



and we have seen in f[3.24p that there always exist coordinates where the above equation 
is identically satisfieco- 



5 This provides a proof that the generalized Monge- Ampere equation implies (|5.44j) and (|5.45|) or 
equivalently (|5.53|) and (|5.54|) . We believe that the converse is also true, namely that the equations ()5.53|) 
and (|5.54p imply our generalized Monge- Ampere equation. At present we have only been able to prove 
this for the case where d s = in which case there is a simple formula for z/ > in terms of the generalized 
Kahler potential. 
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Within the present framework it is easy to show that we are dealing with the solution 
of the equation (12. 6p . Let us work in J + complex coordinates. In this case the Ricci tensor 
can be written as follows ETJ 



RiV = Vi-)^ +) , (5.57) 

RT = Vi-Vj +) - idp - 2{d a v ( t ) - deoP) . (5.58) 



Using equation (I5.55P we find that the U(l) connection T/j is zero, so C^ = 0. Thus 
substituting i/ + ) = — 2eM> into (I5.57J) and (I6.70P we arrive at equation (12. 6ft . Then the 
conditions for supersymmetry imply the equations of motion are satisfied, as was to be 
expected. 

6 Physical interpretation 

Generalized Kahler geometry is the target space geometry of classical iV = (2,2) super- 
symmetric sigma models. In this section we comment on the physical interpretation of 
our generalized Monge- Ampere equation in relation to the finiteness, conformal invariance 
and supersymmetry of such sigma models. 

A necessary condition for such a sigma model to be conformally invariant at one-loop 



X M 



tf$ + 2VW^$ = . (6.59) 

The condition for one-loop finiteness is however the weaker condition that [23] 

rf£ + V<f V„ + 2d^W v] = (6.60) 

for some V^,W^. This is sufficient to ensure that the one-loop counterterm is a total 
derivative when the classical equations of motion are used. Finally, we have seen that 
such a sigma model has target space supersymmetry if 

Cg> = 0, (6.61) 

# 5 = -2d$ . (6.62) 

We now consider the implications of these for our geometries, using (I5.57p ,( l6".70p and 

CiV = Ud [a vf , (6.63) 



6 This ensures that the dilaton beta-function is a constant at one loop. Full conformal invariance 
requires that this constant contribution is cancelled by contributions from ghosts and other matter fields. 
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which follows from (I5.5ip . Consider first the condition (I6.6ip for SU(n) holonomy, C\t V = 
0. The condition (I6.60p for one- loop finiteness was analysed in this case in [TS] and is 
satisfied with W^ = 2v^ and V^ = — v^ . From (I6.63p . d[ a v^ = 0, so that locally 

t,(±) = -2d a (A {±) + iB {±) ) (6.64) 

for some A^',B^\ Then using (I5.5ip we have the Monge- Ampere equations [19| 

dd In r e -4(A (±) +*s (±) ) ^det^) = . (6.65) 

For supersymmetry we need to impose in addition (16.621) . which implies 

A {±) = $, dB {±) = . (6.66) 

We then recover our Monge- Amp ere equations [i~9] 

ddln(e- 4 *y/detg) =0 (6.67) 

and find that the condition (16. 59ft for conformal invariance is satisfied. Thus the SU(n) 
holonomy condition (16. 61ft implies one-loop finiteness, and the second supersymmetry con- 
dition (I6.62p implies one-loop conformal invariance, so that supersymmetric backgrounds 
are conformal. 

Next, we assume the conformal condition (I6.59p . Defining 

fc(±) = v { a ±] + 2d a <$> (6.68) 



we find that 



and 



V^k^ = (6.69) 



iCf = V^) k (±)_ 2{dak (±)_ dik (±)y (6 . 70) 

A Killing vector /C M preserves H provided K,^H^ vp is a closed 2-form. Then if CK = 0, 
we see that k^^ are Killing vectors preserving H. Further, if in addition C ah = 0, the 
Killing vectors can be written locally in terms of potentials 

fc(±) = -2<9 a ($ + A {±) + iB {±) ) . (6.71) 

A nice examples of this situation would be S 3 x S 1 which admits two different solutions 
of (I6.59p . For a given Kahler potential [21] we can identify two solutions for this geometry 

7 Our discussion is local and we do not take into account global issues, in particular those related to 
no-go theorems in supergravity for compactihcations with fluxes. 
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(g^u, H^vpjO) and (g fJiU ,Hp Up ,^) with $ given by (13.161) . The metric and i7-field are the 
same for both solutions, but one has zero dilaton and the other one has non-zero dilaton. 
This unusual situation occurs since the dilaton satisfies the following equation 

V^d^ = (6.72) 

so that K 11 = g^ u d v § is a Killing vector preserving H . The solution with non-zero dilaton 
provides a supersymmetric supergravity solution (at least locally), while the one with zero 
dilaton it will not. However both backgrounds solve ( I6.59p . A large class of non-comapct 
solutions with Killing vectors was given in |28| . 

As an alternative to the geometrical considerations, one can try to find the conditions 
for conformal invariance directly by perforing a one- loop calculation in iV = (2,2) super- 
space. However, in the presence of semi-chiral superfields, this is not so simple. The main 
problem is again that there is no good understanding of the dilaton in the general situa- 
tion. Thus in [25] the authors only study a necessary condition for conformal invariance, 
ultra-violet finiteness at one loop, q Comparing our results with [25j we can see that the 
solutions of the generalized Monge- Ampere equation (13.141) are finite, as they should be. 
However not every finite solution corresponds to the solution of (13. 14j) . 

In order to show this we need to compare our result with [25J. To this end we rewrite 
the generalized Monge- Ampere equation using the well known property of block matrices 




= det(P) det (A - BP^C) , (6.73) 

where P is assumed to be invertible. Then (I3.14J) can be rewritten as 
det(K c5 ) det 



K lf - KxK^Kcr K U - K^K^Kj 



det (-K a ) det 



-K a + K rt K; t l K tT -K lr + K ft Kg l K tr 

-K f l + KrtK^ t K t f —Kfr + KftK^r t K tr 



(6.74) 



Qg-ZO) e -/(<W e 9(x) e g(x) 



where we have to assume the invertibility of K c5 and K t i. Taking the logarithm of the left 
hand side of (I6.74p we get exactly the iV = (2, 2) superspace counterterm calculated in [25] . 



8 The value of the work [23] is that it contains general expression for the counterterms of the N = (2,2) 
sigma model, while the precise relation between finiteness and conformality is not addressed, see [21] for 
further comments regarding this issue. We hope to be able to return to this question in a future publication 
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Whenever the generalized Monge-Ampere equation ( 13.141) is satisfied, the counterterm 
vanishes as the superspace integration gives zero, which then implies one-loop ultra-violet 
finiteness of the sigma model. However, the general condition for one-loop finiteness is less 
restrictive than this: the counterterm vanishes if the integrand is given by a generalized 
Kahler gauge transformation, i.e. 



det (Kcc) det 



K lf - KrcK^Kcr Kg - K X - C K^K C 



det (-K t t) det 



-K a + K rt K^ t l K tT -K lr + K rt K^ t l K t1 
-K fl + K,- t Kg l K tl -K fr + KriK^K t ,, 



(6.75) 



= F(0, X , X{)G{4>, X , X r )F(</>, X , X{)G{<t>, x, X r ) . 

Thus we see again that the generalized Monge-Ampere equation is more restrictive than 
just requiring one-loop ultra-violet finiteness. In section [3] we discussed how these deter- 
minants transform. In the finiteness condition (16.751) there is no way to set F and G to 
one by an appropriate coordinate transformation respecting the superfield structure. 

7 Summary 

In this paper we have analyzed the local conditions for the existence of generalized Calabi- 
Yau metric structures. In the neighborhood of a regular point the geometry is characterized 
by a single function K which is subject to a non-linear PDE, a generalization of the complex 
Monge-Ampere equation. In deriving this equation we found an explicit local expression 
for the pair of closed pure spinors that encode the geometry. 

One would clearly want to find solutions of the generalized Monge-Ampere equation. 
Since we are dealing with a highly non-linear PDE, this task is very hard. However, in 
some cases the generalized Monge-Ampere equation can be replaced the by a collection of 
linear PDE's, which are stronger but easier to solve. Namely, if the matrices on the left 
and right side of (13.141) are of the same size then we can require that they are related to 
each other by a similarity transformation, e.g., by some constant matrix. This will give 
us a collection of linear PDE's and their solution will automatically satisfy the condition 
( j3.14p . Another approach would be to use sigma model dualities which would allow one 
to map the non-linear PDE to a linear one, very much in analogy with [261 127] . 

Another interesting physical aspect is to understand the proper relation between the 
conformal invariance of the N = (2, 2) supersymmetric sigma model and target space su- 
persymmetry. In particular it would be important to understand the proper status of the 



generalized Monge- Ampere equation, since we know from the examples that it can accom- 
modate not only supersymmetric supergravity solutions, but also non-supersymmertic but 
conformal solutions. The presence of semi-chiral superfields complicate the situation and 
we do not have anything to say about the matter at the moment. 
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A Appendix: Useful formulae from GK geometry 

In this appendix we review the relevant formulae for the local description of general- 
ized Kahler geometry in terms of the generalized Kahler potential K. The generalized 
Kahler manifold is given by a bihermitian structure (g, J + ,JJ) with the following integra- 
bility conditions 

d c + co + + dlw_ = , dd c ± u± = 0, (A.l) 

where u± = gJ± and d± are i(d — d) operators associated with the complex structures J±. 
The NS-form H is defined from here as follows 

H = d\u + = -<f w_ , dH = . (A.2) 

In the neighborhood of a regular point (i.e., in neighbourhoods in which the rank of 
(«/_!_ ± J_) is constant) the geometry can be solved in terms of a single real function K. 
Using the notation introduced in section [3] the complex structures J± are given by the 
following expressions 

/ J s \ 

k rl c ll K^lJ s K LR KrIClc K^IClt 

J c 

V J t J 
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Ja 



(A.3) 



and 



J_ 



/ Ky R J s K RL Kt.kCrr Ky R C RC K~[ R A RT \ 




\ -J t ) 



'LR u s J 








Js 






'LR^RC 



Jc 





(A.4) 



where J s , J c and J t are canonical complex structures of size 2d s , 2d c and 2d t respectively. 
Here we have also introduced the matrices C and A which are given by the commutator 
or the anticommutator of the appropriate part of the hessian of K with the canonical 
complex structure J: C„ = JK„ — K„J, A„ = JK„ + K„J. The expressions (IA.3[) and 
(1A.4J) are given in superspace inspired coordinates Xl, X r , 0, \- in coordinates adapted to 
J + , J + itself is of course diagonal but J_ is complicated. The form (1A.3J) we get by doing 
a coordinate transformation from coordinates adapted to J + to the superspace inspired 
coordinates. Similarly, in coordinates adapted to J_, J_ is diagonal and the expression 



(IA.4J) is the coordinate transformation of that simple form of Jl from coordinates adapted 
to J_ to superspace inspired coordinates, see [5] for details. For our analysis we need the 
explicit form of those coordinate transformation matrices. If we call the coordinate basis 
vectors of the J + adapted coordinates dXi,dYL,d<f),dx, then the transformation matrix 
taking us from the superspace inspired coordinate basis to the J + adapted coordinate basis 
is given by 



/ dX L \ 

dY L 

dcj) 

V d X J 



/ 1 








K LL 


K LR 


K Lc 








1 


\ o 









o \ 




( dX L \ 


K Lt 




dX R 







dcj) 


1 ) 




\ d X J 



(A.5) 



while if we call the coordinate basis vectors of the J_ adapted coordinates dY R) dX R , dcj), dx, 
then the transformation matrix taking us from the superspace inspired coordinate basis 
to the J_ adapted coordinate basis is given by 



/ dY R \ 

dX R 

dcj) 

V d X J 



( K RL 


K RR 


K Rc 





1 











1 


I 









K Rt \ 




( dX L \ 







dX R 







dcp 


1 ) 




\ d X J 



(A.6) 



In this work however, the only thing that we will need is the determinant of those trans- 
formations. In particular the determinant of the metric will transform as 



det g^ 



(detK LR ) 2 detg^ 



(A.7) 
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when we pass from J-t-complex coordinates to our superfield coordinates. 

The integrability condition (lA.lj) can be solved locally in terms of two closed non 
degenerate two-forms [16] 



F+ = \(B + - g)J + = l -d (-K R JdX R - KcJdcj) + K T Jd x ) , (A.8) 

T- = \{B-+ g)J- = \d {K L JdX L + K c Jd<p + K T Jd X ) , (A.9) 

where B± are (2, 0) + (0, 2)-forms with respect to J± and H = dB±. Using these formulas 
we can work out explicit expressions for the metric g^ v and NS-form H^ vp and other 
objects. 

For further detail on the local description of generalized Kahler geometry and its 
relation to supersymmetric sigma models the reader may consult [51 [TH [T5l[T6] . 



B Appendix: Proof 



In this appendix we prove that the pure spinors given by (13.71) encode the generalized 



Kahler geometry. Let us start by a reminder of the relation between the bihermitian and 
the generalized complex descriptions of generalized Kahler geometry. 

Theorem (Gualtieri's map [2]). For the generalized Kahler geometry the corresponding 
generalized complex structures J\^. can be reconstructed from the data (g, J±, B) 

1 / 1 o\( J + ±J- -K't^'iUi o\ 

where H = dB. 

Theorem. The generalized complex structures J\^ correspond to the closed pure spinors 
Pi,2 defined in (3.7 ) with B given below in $B.13\) such that H = dB. 



Our goal is to show that the pure spinors annihilate the same maximally isotropic 
spaces as defined in terms of J7i,2- Using Gualtieri's map we see that an eigenvector X + rj 
of J\ with eigenvalue ±z satisfies 

J t + (g(X)+r ] + i x B) = Ti(9(X) + r) + ixB) , (B.2) 

Jt(g(X)- V -i x B) = Ti(g(X)-rj-i x B) 
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and an eigenvector X + rj of J 2 with eigenvalue ±i satisfies 

J t + (g(X)+rj + i x B) = ^i{g{X) + 77 + i x B) , (B.3) 

Jt(g(X)-r,-i x B) = ±i(g(X)- V -i x B). 

The generalized complex structures Ji >2 give rise to the decomposition (T © T*) <S> C = 
L^ © Lf © L^ © Z[", where L+ is -M-eigenbundle for both J7i,2 and Lj~ is -M-eigenbundle 
for J7i and —%- eigenbundle for J 2 . Using (1B.2I) and (1B.3J) and the fact that the metric is 
bihermitian we see that these sub-bundles are defined as follows 

Lf = {X + g{X) -i x B\Xe Ti lfi) } = {X - i x {B + iu+) \ X G T^} , 

L~ = {X - g(X) -i x B\Xe Tl 1>0) } = {X- i x (B - ioj_) \ X G T a ' 0) } , 
l\ = {X + g(X) -i x B\Xe Tl°' 1} } = {X- i x (B - iu + ) \ X e T^} , 
L- = {X - g{X) -i x B\Xe T m } = {X - i x [B + iw_) | X G t1 0i1) } . 
The pure spinor p\ should annihilate L\ = L\ © L^ , i.e. for any X + rj G L\ 

LxPi + V A pi = (B.4) 

and the pure spinor p 2 should annihilate U[ © Lf, i.e. for any X + i] G L{ © L\ 

Lxp2 + V A P2 = . (B.5) 

Using the concrete form of pi }2 and the different eigenbundles we get the following relations: 

leTf 1 ', z x JV 1 = o, i x (R 1 + iSi + iu+-B)AN 1 = 0, (B.6) 

X G Tl 0,1) , t x N x = , i x (Ri + z5i - 2w_ - 5) A iVi = , (B.7) 

XGTf 1} , ixiV 2 = 0, i x (R 2 + iS 2 + iu+-B)AN 2 = 0, (B.8) 

IGT M , *xiV 2 = 0, z x (i? 2 + iS 2 + «»;_-.B)AiV 2 = 0, (B.9) 

From appendix |X] we have the relations (IA.8[) and (IA.9J) . 

5+ J+ - tu+ = d(-K R JdX R - K c Jd(p + K T Jdx) , (B.10) 

fi_J_+w_ = d(K L JdX L + K c Jd(j) + K T Jdx) , (B.ll) 

where i7 = rfS + = dB_ and S-t is a (2, 0) + (0, 2) form with respect to J± respectively. 
By direct computation one may show that 

B + -B_ = d(K T d X - K c d(j)) (B.12) 
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and we can define B as follows 

B = B + + d{K c d(j)) = B_+ d(K T d X ) ■ (B.13) 

Exactly this B appears in the statement of our theorem. Using these relations it is 
straightforward to prove the relations ( IB.6l) - (1B.9l) . We will illustrate the proof for (IB. 61) 
and the rest of the relations (1B.7P - (1B.9P are proven in the same way. For (IB.6p . the relation 
ixNi = is obviously satisfied since N\ is holomorphic. Using the explicit definition of 
Ri, Si and the properties (IB.lOj) and (IB. 131) we get 



(0,1) 



i x {Ri + iSi + iu+ - B) A Nx = 
i x [-d(K L (l - U)dX L ) - d(K c (l - iJ)d(j))} A N x , 

where we also used the fact that B + is (2, 0) + (0, 2)-form with respect to J + and X & T 

Finally d(K L (l — iJ)dX L ) is a (2,0)-forrro with respect to J + and thus ix(d(K L (l — 
iJ)dXi) = and d(K~c(l — iJ)d(f) A N\ = since N% already contains all of the d<f>. That 
ends the proof of (1B.6J) . After similarly proving (1B.7P -( 1B~9|) we conclude that the pure 
spinors encode the correct information about the generalized Kahler geometry. 

Moreover we can check that the pure spinors p\^ obey the correct relation with respect 
to the Mukai pairing, (p 1; p 2 ) = (pi, P2) — 0. Then the only remaining nontrivial condition 
comes from (pi,pi) = a(p 2) P2) 7^ which we study in detail in section [31 The conditions 
(pi, P2) = (pi,p~2) = can be checked by direct calculation. Calculating (pi, p 2 ) we get 

iViA^A (i2i - R 2 + t(S 1 - S 2 )f da+ \ d - £ ^ k \ ) , (B.14) 

where | dc + dt | indicates the integer part and 

R1-R2 + i(Si - S 2 ) = -d(K c (l - U)d(j) + K T (1 - iJ)d X + 2K L (1 - iJ)dX L ) .(B.15) 

Because of the iVi A ^2 prefactor in (IB.14I) . terms containing dcf) or d\ in the parenthesis 
are projected out and (pi, p 2 ) becomes equal to 

N X AN 2 A (2d(K L (l - ifldXifiW'+l^b . (B.16) 

The two-form d(i^i(l — iJ)dX£) is of (2, 0)-type. with respect to J + and the maximum 
nonzero power of this term is d s . Thus we conclude that (pi, p 2 ) = 0. Analogously we can 
prove (pi,p 2 ) = 0. The Mukai pairing (pi,p 2 ) is 

N ± A N 2 A (R ± -R 2 + i(Si + 5 2 )) (2ds+ l f ^l ) , (B.17) 



9 For the explanation of this fact see [5]. Otherwise it can be checked explicitly using the form of the 
complex structures. 
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where 

R 1 -R 2 + i(Sx + S 2 ) = d(K c (l - iJ)d<j) + K T (1 + U)d X + 2K R (1 - U)dX R ) . (B.18) 
Thus {P11P2) becomes equal to 

N x A N 2 A (2d(K R (l - iJ^Xfl^M^)!) , (B.19) 



and here two-form d(K R (l — iJ)dX R ) is of (2,0)-type with respect to J_ and therefore 
(IB.19P vanishes identically. 

References 

[1] N. Hitchin, Generalized Calabi-Yau manifolds, Quart. J. Math. Oxford Ser. 54 
(2003) 281-308 |arXiv:math.DG/0209099| . 

[2] M. Gualtieri, Generalized complex geometry, Oxford University DPhil thesis, 
[arXiv:math.DG/0401221] . 

[3] G. R. Cavalcanti, New aspects of the dd c -lemma, Oxford University DPhil thesis, 



[arXiv:ma th/0501406] . 

[4] F. Witt, Special metric structures and closed forms, Oxford University DPhil thesis, 
[arXiv:math/0502443] . 

[5] U. Lindstrom, M. Rocek, R. von Unge and M. Zabzine, Generalized Kahler 
manifolds and off-shell supersymmetry, Commun. Math. Phys. 269 (2007) 833 



[arXiv:hep-th/0512 164|. 

[6] N. Halmagyi and A. Tomasiello, Generalized Kahler Potentials from Supergravity, 
Commun. Math. Phys. 291 (2009) 1 [arXiv: 0708 .10321 [hep-th]]. 

[7] M. Grana, R. Minasian, M. Petrini and A. Tomasiello, Supersymmetric 
backgrounds from generalized Calabi-Yau manifolds, JHEP 0408 (2004) 046 
[arXiv:hep-th/0406137] . 

[8] C. Jeschek and F. Witt, Generalised G 2 -structures and type IIB superstrings, JHEP 
0503 (2005) 053 |arXiv:hep-th/0412280| . 

[9] M. Grana, R. Minasian, M. Petrini and A. Tomasiello, Generalized structures of 
N=l vacua, JHEP 0511 (2005) 020 |arXiv:hep-th/0505212| . 

24 



[10] F. Witt, Calabi-Yau manifolds with B-fields, Rend. Sem. Mat. Univ. Politec. Torino 
66 (2008) 1 [ arXiv:0908.1941l [math.DG]]. 

[11] S. J. Gates, C. M. Hull and M. Rocek, Twisted Multiplets And New Super symmetric 
Nonlinear Sigma Models, Nucl. Phys. B 248 (1984) 157. 

[12] M. Gualtieri, Generalized complex geometry, [arXiv:math.DG/0703298|. 

[13] F. Witt, Metric bundles of split signature and type II supergravity, Recent devel- 
opments in pseudo-Riemannian geometry, 455-494, ESI Lect. Math. Phys., Eur. 
Math. Soc, Zurich, 2008. |arXiv:math/0610380| . 

[14] U. Lindstrom, M. Rocek, R. von Unge and M. Zabzine, Linearizing Generalized 



Kdhler Geometry, JHEP 0704 (2007) 061 arXiv:hep-th/0702126|. 



[15] U. Lindstrom, M. Rocek, R. von Unge and M. Zabzine, A potential for gener- 
alized Kdhler geometry, to appear in Handbook of pseudo-Riemannian Geome- 
try and Super ■symmetry , IRMA Lectures in Mathematics and Theoretical Physics, 



arXiv:hep-th/0703111. 



[16] C. M. Hull, U. Lindstrom, M. Rocek, R. von Unge and M. Zabzine, Generalized 
Kahler geometry and gerbes, JHEP 0910 (2009) 062 jarXiv:0811.36T5l [hep-th]]. 

[17] M. Goteman and U. Lindstrom, Pseudo-hyperkahler Geometry and Generalized 
Kahler Geometry, arXiv:0903.2376 [hep-th]. 

[18] T. H. Buscher, Quantum Corrections And Extended Super symmetry In New Sigma 
Models, Phys. Lett. B 159, 127 (1985). 

[19] C. M. Hull, Superstring Compactifications With Torsion And Space-Time Super- 
symmetry, Turin Superunif. (1985) 347. 

[20] M. Rocek, Modified Calabi-Yau manifolds with torsion, In Yau, S.T. (ed.): Mirror 
symmetry 7, 421-429. 

[21] C. M. Hull, Sigma Model Beta Functions And String Compactifications, Nucl. Phys. 
B 267 (1986) 266. 

[22] C. M. Hull, Compactifications of the Heterotic Superstring, Phys. Lett. B 178 
(1986) 357. 



25 



[23] C. M. Hull and P. K. Townsend, Finiteness And Conformal Invariance In Nonlinear 
Sigma Models, Nucl. Phys. B 274 (1986) 349. 

[24] M. Rocek, K. Schoutens and A. Sevrin, Off-Shell WZW Models In Extended Super- 
space, Phys. Lett. B 265 (1991) 303. 

[25] M. T. Grisaru, M. Massar, A. Sevrin and J. Troost, The quantum geometry of N = 
(2,2) non-linear sigma-models, Phys. Lett. B 412 (1997) 53 |ar Xiv:hep-th/9706218"| . 

[26] N. J. Hitchin, A. Karlhede, U. Lindstrom and M. Rocek, Hyperkahler Metrics and 
Supersymmetry , Commun. Math. Phys. 108, 535 (1987). 

[27] J. Bogaerts, A. Sevrin, S. van der Loo and S. Van Gils, Properties of semi-chiral 



superfields, Nucl. Phys. B 562 (1999) 277 |arXiv:hep-th/9905141| . 



[28] E. Kiritsis, C. Kounnas and D. Lust, A Large Class Of New Gravitational And 
Axionic Backgrounds For Four-Dimensional Superstrings, Int. J. Mod. Phys. A9, 
1361 (1994) |arXiv:hep-th/9308124| . 



26 



